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Chapter 1: Introduction

Empirical likelihood inference does not require specification of a family of distributions for
the data. (like bootstrap and jackknife)

Empirical likelihood makes an automatic determination of the shape of confidence regions.
(like parametric methods)

It can incorporate side information through constraints or prior distributions.

Example
Figure 1.2 : Empirical likelihood confidence regions for the skewness and kurtosis of the
somite data.

How about a parametric method?
A parametric method usually assumes X ∼ N(µ, σ2). Then skewness (γ) = kurtosis (κ) = 0.
It is hard to specify a parametric family that fits the data and allows both γ and κ vary freely.

How about a nonparametric method (bootstrap)?
The improved generality of bootstrap comes at a cost of reduced power. Simulations and
theory suggest that EL test have good power properties.
How to get a confidence regions like in Figure 1.2 using bootstrap? Even with bootstrap
method, you’d need specify the shape and center of the region.

Advantages of EL over bootstrap
Use of a likelihood function allows to

• obtain data-determined shapes for confidence regions

• incorporate known constraints on parameters

• adjust for biased sampling schemes

• use Bartlett correction to improve the accuracy of inferences

• easily combine data from multiple sources

Disadvantage of EL relative to the bootstrap

• computationally challenging to optimize a likelihood

EL and the bootstrap can be combined effectively.

• use EL to determine a nested family of confidence regions and use the bootstrap to
pick.

• resample from a distribution that maximizes the EL with constraints.
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Chapter 2: Empirical likelihood

2.1 NPMLE
Some notation:

• X ∈ R is a random variable.

• F (x) = P (X ≤ x), for −∞ < x < ∞, is the CDF of X.

• F (x−) = P (X < x) so that P (X = x) = F (x)− F (x−).

• The empirical CDF (ECDF) of X1, · · · , Xn is

Fn(x) =
1

n

n∑
i=1

1Xi≤x

for −∞ < x < ∞.

• The nonparametric likelihood of the CDF F is

L(F ) =
n∏

i=1

(F (Xi)− F (Xi−)).

Theorem 2.1 : The nonparametric likelihood is maximized by the ECDF. Thus
the ECDF is the NPMLE of F .

Invariance property of MLE : η̂ is the MLE of η. Then the MLE of θ = θ(η) is θ̂ = θ(η̂).

Invariance property of NPMLE : Suppose we are interested in F through θ = T (F ). (T
is a function of distributions.) Let θ0 = T (F0). Then NPMLE of θ is θ̂0 = T (Fn).

2.2 NP likelihood ratios
Parametric inference: −2log(L(η0)/L(η̂)) tends to χ2.
Confidence region for θ: {θ(η)|L(η) ≥ cL(η̂)}
Nonparametric likelihood ratio :

R(F ) =
L(F )

L(Fn)

The profile likelihood ratio function:

R(θ) = sup{R(F )|T (F ) = θ, F ∈ F}

EL hypothesis tests reject H0 : T (F0) = θ0 when R(θ0) < γ0. EL confidence regions are of
the form {θ|R(θ) ≥ γ0}.
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2.3 Ties in the data
When there is no ties in the data,

R(F ) =
L(F )

L(Fn)
=

n∏
i=1

npi.

When there are some times, (k is the number of distinct values.)

R(F ) =
k∏

j=1

(
pj

p̂j

)nj

=
k∏

j=1

(
npj

nj

)nj

.

Even when ties are present, we get the same profile LR function R(θ).
Notation : Let wi ≥ 0 for i = 1, · · · , n.

Sn−1 = {(w1, · · · , wn)|wi ≥ 0,
n∑

i=1

wi = 1}

2.4 Multinomial on the sample
NP inference of the mean of a scalar rv.
A NP confidence interval may have a∞ length unless F (candidate distributions) is bounded.
Let F to be the set of all distributions for which X satisfies −∞ < A ≤ X ≤ B < ∞. But
we may not know a good bound even when we know X is bounded. How about An ≡ x(1)

and Bn ≡ x(n)?
EL inferences for the mean as parametric likelihood inferences. For continuous F , there are
n1 parameters, w1, · · · , wn with a constraint. The number of parameters grows with sample
size. When F is discrete, there are only finite number of possible values of X. As n increases,
all the distinct values have been seen at least once, and EL reduces to a parametric likelihood.

2.5 EL for a univariate mean
Theorem (Univariate ELT): Let X1, · · · , Xn be independent rv with F0. Let µ0 = E(Xi),
and suppose V ar(Xi) < ∞. Then −2log(R(µ0)) converges in distribution to χ2

1 as n →∞.

• The limit is the same as parametric counterpart.

• Xi does not need to be bounded.

• Use F 1−α
1,n1

instead of χ2,1−α
1 . (analogous to normal and t.)

• EL confidence region for a mean is always an interval.

2.6 Coverage accuracy
A 100(1− α)% EL confidence interval is

{µ| − 2logR(µ) ≤ χ2,1−α
1 }
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which is equivalent to

{µ|R(µ) ≤ exp(−χ2,1−α
1 /2}

As n →∞,

P [−2logR(µ) ≤ χ2,1−α
1 ]− (1− α) → 0.

Everything is only asymptotically true. The rate (1/n) of convergence is the same as confi-
dence intervals based on parametric likelihoods, the jackknife, the simpler bootstrap meth-
ods.
Coverage error is O(1/n) for parametric method if the model is true. A Bartlett correction
applies to reduce it to O(1/n2).

2.7 One-sided coverage levels
Typically, O(n−1) two-sided coverage errors and O(n−1/2) one-sided errors.

2.8 Power and efficiency
−2logR(µ0 + τσ0/

√
n) → χ2

1(τ
2). At µ 6= µ0, NP inferences will have roughly the same

power as parametric inferences.
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