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Notation

§ y - nˆ 1

§ x - nˆ p

§ β - pˆ 1

§ linear model: y “ xβ



Least squares

§ estimates β̂ by minimizing

Ďerrpβq “
n

ÿ

i“1

Lpyi, xiβqq

where yi and xi are training examples and xiβ is in matrix
notation: xiβ “ β0 `

řp
j“1 βjxij

Ďerr “
n

ÿ

i“1

pyi ´ xiβq
2
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FIGURE 3.1. Linear least squares fitting with
X ∈ IR2. We seek the linear function of X that mini-
mizes the sum of squared residuals from Y .
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FIGURE 1.1. Scatterplot matrix of the prostate can-
cer data. The first row shows the response against each
of the predictors in turn. Two of the predictors, svi

and gleason, are categorical.





Test error

Once we have a predictor Ŷ “ fpXq, test error is defined:

Err “ EX,Y rLpY, Ŷ qs

Estimate Err using testing examples:

ĚErr “
1

n

n
ÿ

i“1

Lpytesti , ŷtesti q

Average loss when fitted model applied to testing examples.



Example: Prostate Cancer

§ data is randomly split: training (2/3), testing (1/3)

§ test error: 0.521:

ĚErr “
1

n

n
ÿ

i“1

pytesti ´ xtesti β̂q2

§ “base error” test error for intercept-only model : 1.057:

ĚErr0 “
1

n

n
ÿ

i“1

pytesti ´ β̂0q
2



Example: Prostate Cancer

§ some predictors not important (e.g., gleason)

§ using unnecessary predictors may cause overfitting

§ reduce ĚErr by eliminating inputs or using penalty?



Sidebar on model selection

§ modifying model after seeing data called model selection

§ e.g., transforming inputs or outputs

§ e.g., adding or eliminating inputs

§ statistical inference is affected by model selection

§ e.g., inflated type-I error

§ model selection okay for prediction

§ must use good estimate of Err



Best-subset selection

§ suppose there are p predictors
§ for each k P t0, 1, . . . , pu

1. fit all possible combinations of k predictors among p total
2. select combination that gives smallest training error Ďerr

§ then choose k that minimizes test error ĚErr



Best subset fitting
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FIGURE 3.5. All possible subset models for the
prostate cancer example. At each subset size is shown
the residual sum-of-squares for each model of that size.



Best subset tuning
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FIGURE 3.7. Estimated prediction error curves and
their standard errors for the various selection and
shrinkage methods. Each curve is plotted as a func-
tion of the corresponding complexity parameter for that



Shrinkage: Ridge

§ synonyms: Penalization, Regularization, Shrinkage

§ minimize penalized training error:

Ďerr “
n

ÿ

i“1

pyi ´ xiβq
2 ` λ

p
ÿ

j“1

β2j

§ β̂ has a “closed form” solution

§ shrinkage applies to β̂, no subsetting of inputs X

§ thus, number of β’s stays the same for all λ

§ can use concept of effective degrees of freedom dfpλq

§ one-to-one relationship between dfpλq and λ

§ dfpλq “ p when λ “ 0

§ dfpλq Ñ 0 as λÑ8



Shrinkage: Ridge

§ β̂ always unique, even when inputs perfectly correlated

§ usually the intercept β0 is not penalized

§ can do this by centering outcome and inputs: yi “ yi ´ ȳ and
xij “ xij ´ x̄j ; forces intercept to be zero; only remaining β
estimated using ridge penalty

§ λ parameterizes the “path” of estimates β̂

§ ridge and lasso are two of many such “path algorithms”

§ graph of β̂ as function of λ called a “path diagram”
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FIGURE 3.8. Profiles of ridge coefficients for the
prostate cancer example, as the tuning parameter λ is
varied. Coefficients are plotted versus df(λ), the ef-
fective degrees of freedom. A vertical line is drawn at
df = 5.0, the value chosen by cross-validation.



Shrinkage: Lasso

§ minimize penalized training error:

Ďerr “
n

ÿ

i“1

pyi ´ xiβq
2 ` λ

p
ÿ

j“1

|βj |

§ no closed form solution for β̂

§ making λ large causes some β̂ to be exactly zero

§ thus, lasso has a predictor selection effect
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FIGURE 3.10. Profiles of lasso coefficients, as the
tuning parameter t is varied. Coefficients are plot-

ted versus s = t/
Pp

1 |β̂j |. A vertical line is drawn at
s = 0.36, the value chosen by cross-validation. Com-
pare Figure 3.8 on page 9; the lasso profiles hit zero,
while those for ridge do not. The profiles are piece-wise
linear, and so are computed only at the points displayed;
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Consider independent inputs

§ columns of x are uncorrelated, “orthogonal”

§ β̂ are independent; can be estimated separately

§ can think about effect of selection/shrinkage on each
coefficient separately





Ridge and lasso penalties as constraints

§ Ridge and lasso estimation criteria can be rewritten as
constrained estimation problems:

§ minimize Ďerr subject to constraint:

§ ridge: β21 ` ¨ ¨ ¨ ` β
2
p ď t2

§ lasso: |β1| ` ¨ ¨ ¨ ` |βp| ď t

§ one-to-one relationship between t and λ
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FIGURE 3.11. Estimation picture for the lasso (left)
and ridge regression (right). Shown are contours of the
error and constraint functions. The solid blue areas are
the constraint regions |β1|+ |β2| ≤ t and β2

1 + β2
2 ≤ t2,

respectively, while the red ellipses are the contours of
the least squares error function.





Code example

lasso-examples.R


