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Many of the random variables we will encounter are 
counts or measures of something -- their possible 
values are positive numbers, such as: 
 
 the number of deaths due to AIDS in Providence in 2009. 
 the weight of a baby at birth 
 the level of an antibody in a patient's blood 
 my remaining lifetime in years 
 the number of lottery tickets I will buy before winning a 

payoff of $500 or more 
 
 
If we're observing how many boys there are in n 
births, or how many of the next n mothers who 
deliver babies are HIV+, we might use a binomial 
probability model: 
 
(1)  X  = the number of boys ... or HIV+ mothers 
(2) S = {0,1,2,...,n} 

(3) P(X=k) = 








  k

  n θk (1-θ)n-k       k=0,1,2,...,n 

 
The binomial probability model is appropriate: 
 
(1)   when we're observing a count of how many times   
 something happens, (Bernoulli trials) 
 
(2)   when there is a fixed number of independent trials on 

which it either happens or does not (fixed number of 
independent trials), and 

 
(3)   when the chance that it will happen is the same on 

each trial (constant θ). 
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But what if you don’t know n? 
 
Say during flu season, a certain health care provider 
typically sees 3 flu patients per work day.  She may 
see more or less.  Naturally zero is the least she can 
see, but we can’t specify an upper bound because 
her patient load varies from day to day. 
 
If not for n being unknown, this would be great 
problem for the Binomial distribution.  Let’s see what 
the Binomial distribution looks like if we get rid of 
everything that has to do with n. 
 
(Binomial)  P(X=k) = 

!)!(

!

kkn

n


θk (1-θ)n-k       k=0,1,2,...,n 

 
(sans n)  P(X=k) = (1/k!) θk       k=0,1,2,...,∞ 
 
We don’t know how to interpret θ in this proposed 
distribution, so let’s rename it λ to prevent confusion.   
 
(proposed distribution)  P(X=k) = λk/k!      k=0,1,2,...,∞ 
 
 
There’s a problem with this proposed distribution.  
P(S) must = 1. 
 

P(S) = 


0k
λk/k!  = eλ.          So how do you fix this? 
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The Poisson Probability Distribution 

 
 

Here is another probability model for count data: 
 

(1) X = the number of occurrences 
(often out of a specified time period) 

(2) S = {0,1,2, ...} 
(3) P( X = k )  =  λke-λ /k!           k = 0,1,2,... 

 
 

This is a Poisson probability distribution model.  In 
this model the variable λ (the Greek letter, lambda) 
can be any positive number and is the rate of a 
single occurrence.   
 
Note also that there is no upper limit on the possible 
values of X. 
 
The Poisson probability model is used for random 
variables like 
 
 the number of radioactive particles emitted from 

some source during a fixed time interval. 
 

 the number of suicides in one week in the U.S. 
 

 the number of crimes per day when there is a 
full moon in three small areas of India 

 

 the number of deaths per day in a hospital in 
Montreal. 
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Visual comparison to the Binomial distribution 
(live R demonstration). 
 
R commands to explore the Poisson distribution’s 
probability mass function and cumulative mass 
function. 
 
# set some initial parameters for the graphs 
thebreaks <- seq(-1.5, 20.5, 1) 
xlimits <- c(-0.5,15.5) 
ylimits <- c(0,0.3) 
samplesize <- 10^5 
 
# simulate a huge sample from Binomial(n, 0.3) 
# and plot the probability mass function 
Xb <- rbinom(samplesize, 10, 0.3) 
hist(Xb,  
     freq = F,  
     col = "DARKRED",  
     xlim=xlimits, 
     ylim=ylimits,  
     breaks=thebreaks,  
     xaxt="no", 
     xlab="X",  
     main="Probability Mass Function" ) 
axis(1, at=seq(0,15,1)) 
axis(1, at=c(11,13,15)) 
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# simulate a huge sample from Poisson(3) 
# and plot the probability mass function 
Xp <- rpois(samplesize, 3) 
par(new=T) 
hist(Xp,  
     freq = F,  
     col = "BLUE",  
     xlim=xlimits, 
     ylim=ylimits,  
     breaks=thebreaks, 
     xaxt="no", 
     xlab="X",  
     main="",  
     density=50 ) 
 
 
# tweak the y-axis and replot 
ylimits <- c(0,1) 
hist(Xb,  
     freq = F,  
     col="DARKRED",  
     xlim=xlimits, 
     ylim=ylimits,  
     breaks=thebreaks,  
     xaxt="no", 
     xlab="X",  
     main="" ) 
axis(1, at=seq(0,15,1)) 
axis(1, at=c(11,13,15)) 
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# now add the cumulative mass function for the 
Binomial(10, 0.3) 
Xbcdf <- ecdf(Xb) 
par(new=T) 
plot(Xbcdf,  
     xlim=xlimits,  
     ylim=ylimits,  
     main="PDF and CDF (pmf and cmf)",  
     col="DARKRED",  
     xlab="", 
     ylab="",  
     cex=1.4) 
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# and for the Poisson(3) 
par(new=T) 
hist(Xp,  
     freq = F,  
     col = "BLUE",  
     xlim=xlimits, 
     ylim=ylimits,  
     breaks=thebreaks, 
     xaxt="no", 
     xlab="X",  
     main="",  
     density=50 ) 
Xpcdf <- ecdf(Xp) 
par(new=T) 
plot(Xpcdf,  
     xlim=xlimits,  
     ylim=ylimits,  
     main="PDF and CDF (pmf and cmf)",  
     col="BLUE",  
     xlab="", 
     ylab="",  
     cex=1.4 ) 
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An example of using the Poisson distribution 
 
It is estimated that in Providence, RI, the average 
number of births that occur in a taxi on the way to 
the hospital is 2 per day.  
 
The poison model is appropriate here: 
 

(1) X = number of taxi births 
(2) S = {0,1,2,3,…} 
(3) P( X = K )  =  λke-λ /k!           k = 0,1,2,... 

 
Where λ=2=average number of taxi births/day.  
(The notation is X~Poiss(λ=2).) 
 
On any given day: 
 
 The probability of observing 3 births is 
 

 P( X = 3 )  =  λ3e-λ /3! = 0.1804  or  18% 
 
 
 
 The probability of observing at least one birth is 
 

)0(1)1(1)()1(
1

 




XPXPkXPXP
k

 

 
1-P(X = 0) =1- λ0e-λ /0! = 1- 0.1353 = 86.47% 
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 The probability of observing 3 births, after 

sharing a taxi with a woman who gave birth? 
 
 

P(X=3|X1) = P(X=3 and X1)/P(X1) 
 = P(X=3)/P(X1) 

 = 0.1804/0.8647 
  = 0.2086  
  = 20.9% 

 
 
So after observing at least one birth, the probability 
of observing exactly 3 births rises from 18% to 21%. 
 
 
 
 
The Poisson probability model is appropriate: 
 
(1)   when we're observing a count of how many times   
 something happens (usually within a time period), 
 
(2)   when there is a possibility of observing an unlimited 

number of these events in that time period, and 
 
(3)   when the events that occur within, and between, 

varying time periods are all mutually independent. 
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Binomial and Poisson 
 
The Poisson distribution is often used to approximate 
the Binomial distribution when either the number of 
trials (n) is large or the probability of success () is 
near 0 or 1.  
 
 This approximation can be especially useful 

because the 








k

n  term can be laborious to 

calculate when n is very large. 
 
 
Pagano and Gauvreau (p.172) use the Poisson model 
to represent the number of people in a population of 
10,000 who will be involved in a motor vehicle 
accident next year.  They use the value λ= 2.4, and 
calculate various probabilities on pages 173 & 174.  
 
To illustrate how similar the Poisson and Binomial 
models are in this situation, we can calculate the 
probabilities of the same values, using the binomial 
distribution model with n = 10,000 and θ = 
2.4/10,000.  
 
 
 (As we will soon learn, these two models both 

give the same expected value for the number of 
persons who will be involved in an auto accident-- 
both say the expected value is 2.4.)   
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X~Poisson(=2.4)        X~Bin(n, =0.00024) 
         (n=10,000) 
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etc. 
 
 
These calculations show that the two models are 

essentially the same (under these conditions), 
both giving the same probabilities to the 4-
decimal-place accuracy given here.  
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Does the event have to be ‘rare’? 
 
 
No,  may be any positive real number. Events are 
not required to be rare in any sense. End of story. 
 
 
The often thought ‘Rareness requirement’ comes 
from calculations like those on the previous slide. 
They show that the Poisson distribution is a good 
approximation to the Binomial distribution only when 
the events (or successes) are rare, i.e. n is large and 
 is small. 
 
 
 The Poisson distribution is a probability model in 

is own right and does not have any restrictions on 
the magnitude of the frequency of events within a 
specified time interval. 

 
 


