Final Exam, Biostatistics 341
14 December, 2015

Please show all your work and perform all calculations to whatever degree of
exactness you are able. This test is closed book and no calculators are allowed.

1. Suppose X; ~% N(u,0?) for i = 1,...n. Let X and S? denote the sample
mean and sample variance, respectively.

(a) What is the distribution of X7 + X5 + X37?

(b) What is the distribution of Z 377 (X; — pu)*?

(c) What is the distribution of % 377, (X; -~ X)?7

(d) Let ¥ = 2X + 2152 What is E(Y)?

(e) What is Cov(Y, X)?

(f) What is the distribution of /n(X — 1)/S?

(g) What is the distribution of (X + X5 — 2u) /(X1 — X0)?

2. For any two random variables X and Y with finite variances, prove that

(a) E(XY)=E[XE(Y|X)].

(b) Cov(X,Y)=Cov(X ,E(Y|X)).

(¢) X and Y— E(Y|X) are uncorrelated.

(d) |pl < 1, where p is the correlation between X and Y. [Hint: Use the
Cauchy-Schwarz Inequality.

(e) There are more orderings of the letters KENTUCKY than of the letters
TENNESSEE. State the number of orderings of each.

3. Let X; ~" Poisson(\) fori =1,...,n.

(a) Derive the moment generating function for Xj.

(b) Derive the large sample distribution of X.

(¢) Derive the exact distribution of X. _

(d) Derive the large sample distribution of log,(X + 1).

(e) What is greater, E{log.(X + 1)} or log(E(X) + 1)? Why?

(f) What is the probability mass function of the maximum of X;? [No need
to simplify.] ,

(g) Let Z; =I(X; = 0), where I{-} is the indicator function and equals 1 if true
and 0 if false. What is the probability mass function of Z;7

4. Let X; ~ Pareto(qy, ;) for i = 1 and 2. Therefore, fx,(z) = Bia’z ! for
o; < x < 00,05 >0, and §; > 0. Xy is independent of X,.

(a) Are X; and X, iid? Why or why not?

(b) Is the Pareto distribution an exponential family distribution? Why or
why not?

(¢) Show whether the Pareto distribution a location family, a scale family, a
location-scale family, or none of the them.
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(d) What is E(X;)?

(e} What is Var(X;)?

(f) Give an algorithm for generating 1000 random variables from a Pareto{ay, 1)
distribution. '

(g) What is the cdf of the minimum of X; and X,?

(h) What is P(X; < X,)?

(i) Suppose 3; = B and «; = « for i = 1 and 2. What is the distribution of
U =log.(X1/a)+log. (X, /a)?
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